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R. Welland and C. DeVito [I] recently gave a characterization of absolute 
continuity. The purpose of this note is to show that this characterization 
can be deduced in a shorter way by using basic facts from the theory of 
Fourier series. We shall indicate also how one can characterize similarly 
other &dual Kothe spaces (these spaces will be defined in Section 3) for 
examples spaces of Fourier coefficients of functions in Lp (1 < p < co), or, 
of functions which are almost everywhere of bounded variation. 
Unless stated otherwise, all functions are complex valued and defined on 
the interval [0,27r]. It is of course a trivial change if we replace the interval 
[0, I] of Welland-DeVito by the interval [0,2?r]. p is the Lebesgue measure. 
1. The characterization of absolute continuity by Welland-DeVito. 
Welland and DeVito gave the following 
DEFINITION. A sequence (~~1 of continuous functions is said to converge 
u to 0 if 
for every function f in L1. 
THE THEOREM OF WELLAND-DEVITO. Let N be a function of bounded 
variation which is continuozls from the left; then N is absolutely continuous 12 
s 
2a 
lim 
n+m o yndN=O 
for every sequence {v,,} of continuous functions which converges u to 0. 
After few definitions and a lemma we shall give a new proof for this 
theorem. 
Let L* be the space of 2r-periodic, measurable, essentially bounded func- 
tions on the real line and h EL* with Fourier series Ckm,-, f;(k) eika. 
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Let Z+ be the set of nonnegative integers and 6 the family of all monotone 
functions II, : Z* --f Z’ which have the property $(rz) > n for every n E Z-. 
Let + E 6 and 
where 
0,(x, h) = f (1 - 
fi=-n 
$1 h(k) eikr. 
Let 3 be the set of all sequences {~~,~,~}z=s where # E 0 and h EL”. 
LEMMA. Every sequence in 5 converges a to 0. 
PROOF. Let {P)~,~,,~}~=~ E 5 and f EL’. Consider the convolution of 
T~,*,~ and f in the origin. Then 
where the norms are the usual L1 respectively L* norms on [0,277]. Since 
fgL1 implies II 9)d.f /I1 --+ 0 (n + 00) ([2], p. 144), the lemma follows. 
PROOF OF THE THEOREM OF WELLAND-DEVITO. If N is absolutely con- 
tinuous (not necessarily 2x-periodic!), then the conclusion is obvious. To 
prove the converse let N be of bounded variation and continuous from the 
left and suppose that (1) is fulfilled for every sequence {qn} of continuous 
functions which converges cr to 0. By the lemma we have then in particular 
for every sequence {~~,8,n}~z0 E 5 
.i 
277 
lim 
n+jP o 
%‘n.+.h dN = 0. 
Let 
,im dkeikx - dN(x), 
i.e., let it be the Fourier-Stieltjes series of N. (2) implies by the Parseval 
equation that the series cp=,“=-, h(- k) dk (or also cz=-, f;(k) dk) is Cesaro 
summable of order one, for every h E La. But then Cz=-, dkeiks is the Fourier 
series of an Li-function ([3], p. 220). H ence N is almost everywhere absolutely 
continuous ([2], p. 40). Since N is by assumption continuous from the left, 
it is absolutely continuous. Q.E.D. 
The last proof shows that also the following is true. 
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THEOREM 1. If N is of bounded variation, then N is almost everywhere 
absolutely continuous iff for every sequence {q~,,,~,~} E 5
s 2n lim n-x0 0 p”n.$.h dN = 0. 
2. GENERALIZATIONS TO Lp( 1 < p < co) AND B V 
Let BV be the space of functions which are almost everywhere of bounded 
variation. 
DEFINITION. Let ECU. A sequence (P)~E} of continuous functions is said to 
converge a(E) to zero, ;f for every f E E 
I 
2n 
lim 
n-=2 o vnf dp = 0. 
(Hence convergence a to 0 is the same as convergence o(L1) to 0.) 
THEOREM 2. Let N E L1 and E any of the spaces L” (1 < p < co) OY BV; 
then N E E iff 
for every sequence {qua} of continuous functions which converges o(E) to xero. 
PROOF. This can be proved similarly as Theorem 1. One uses the following 
known facts: 
i.e., the Cesaro sum of order one of the series CKm,-, X(k){(k), exists for every 
wherep’ is the conjugate exponent of p ([3], p. 220). From this the statement 
follows for the case E = L” (1 < p < co), if one takes p”n = q~,,$,~ exactly 
as defined before Theorem 1, only now with h E Lg’. 
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For the case E = BV one can use the following: (3) exists for every 
k$f(4 eikr -f(x) E BV 
iff 
Cl - f k-G(k) f?ikz 
k=-m 
k#O 
is boundedly convergent ([4], Satz 5) 
{/i(K)} for which 
and (3) exists for every sequence 
Cl - f’ k-$(k) eikz 
k=-m 
k#O 
is boundedly convergent iff 
,&P(k) eikz -f(x) E BV 
([5], p. 139, example (1) after Theorem 3). 
3. GENERALIZATIONS TO pk-DUAL K~THE SPACES 
DEFINITION. Let S be a set of complex sequence {q.}~=+, . The /3k-dual 
Kiithe space Se” of S is defined as follows: If k E [0, l] arbitrary but jixed, then 
{d,.};‘.“=-m : C, - 2 
7=-m 
c, d, exists for evny {c,.} E SI . 
Here C, - C stands for the Cesriro-sum of order k. 
REMARK. A corresponding definition can be given for any linear sum- 
mability method instead of the Cesaro-method. 
PROPOSITION, SBk = [(SBk)fJk]Bk = ,‘$3kBkBk for any /3k-dual K6the space 
9”. 
The proof of this proposition is simple. It is a special case of Theorem 3, 
p. 139 in [5]. 
We are going to explain now why Theorems 1 and 2 can be considered as 
applications of the last proposition. 
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Let fi, B^v be the spaces of sequences of Fourier coefficients of functions 
in L”, respectively in BV. Furthermore, let & be the space of sequences 
of coefficients> terzwise differentiated Fourer ser? of continuous func- 
tions. Then Lp = (P)B1 ([3], p. 220 and BV = (dC)B1 ([6], p. 369, Fol- 
gerungen (a) after Satz 5.2). If we identify spaces I? of Fourier coefficients 
with the corresponding spaces E of generating functions, then we see that 
the spaces E in Theorem 2 are j31-dual Kothe spaces. Since the space of 
almost everywhere absolutely continuous functions is identical with the space 
of those functions whose termwise differentiated Fourier series belongs to 
an L1-function, it is clear, that also this space can be identified with a /31-dual 
Kiithe space. 
Now the u(E) convergence to 0 of (~)n,~,~}~=s corresponds to {h(k)) E @Ji 
and SF s.+.d 4 + 0 (n + CO) for every (T~,,,~} E g(h E gal) corresponds 
to fl E @lal. Hence if ,?? = A’s1 for some S, then by the last proposition 
h’ E P161B1 = SB1 = 8. Hence N E E. 
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